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Photons with well-defined energy are highly non-localised and occupy all available space in one
dimension. On the other hand, optical elements, like mirrors, are highly-localised objects. To model
the electromagnetic field in the presence of optical elements, we therefore introduce annihilation
operators for highly-localised field excitations. These are different from single-particle annihilation
operators and arise naturally if we quantise the negative as well as the positive solutions of Maxwell’s
equations. Moreover, they enable us to obtain locally-acting interaction Hamiltonians for two-sided
semi-transparent mirrors with a wide range of applications in quantum optics.
PACS numbers:
Since Planck first laid its foundations [1], our un-
derstanding of quantum physics has made enormous
progress. Nevertheless, there are still systems whose
equations of motion have not yet been derived from ba-
sic principles. For example, linear optics elements, like
beam splitters, are usually modelled by scattering opera-
tors. These predict the overall transformation of incom-
ing into outgoing photon states but cannot tell us what
we might observe at finite times and at finite distances
from the scattering object [2, 3]. The aim of this paper is
to overcome this problem and to obtain a mirror Hamilto-
nian for two-sided semi-transparent mirrors which is ca-
pable of converting incoming into outgoing wave packets
without affecting initially outgoing wave packets, thereby
providing novel tools for designing quantum technology
[4, 5]. Modelling mirror reflection already attracted a lot
of interest in the literature [6–16].
An alternative way of modelling semi-transparent mir-
rors is to restrict the Hilbert space of the electromag-
netic field onto a subset of so-called triplet modes [6].
This method reproduces many known effects but cannot
be generalised easily to mirror surfaces with wave packets
approaching from both sides without resulting in the pre-
diction of unphysical interference effects [15, 16]. There-
fore, some authors prefer phenomenological approaches,
like the input-output formalism [8, 9], or map light scat-
tering by two-sided semi-transparent mirrors onto analo-
gous free-space scenarios [16]. Although all of these mod-
els are consistent with the experimental observations for
which they have been designed, their consistency has not
yet been shown in the literature [17].
Modelling highly localised optical elements, like semi-
transparent mirrors, remains a difficult task since pho-
tons are highly non-localised energy quanta. To over-
come this problem, we describe the electromagnetic field
in this paper in terms of highly-localised field excita-
tions. As we shall see, these do not have well-defined
energies and therefore cannot contain a fixed number of
particles, like a single photon. Particles are something
that can be counted. However, since photons cannot be
identified by their rest mass or their charge, they are
only countable when they are of well-defined frequency.
Hence it is not surprising that highly-localised field ex-
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FIG. 1: [Colour online] In this paper, we double the usual
Hilbert space of the one-dimensional electromagnetic field and
identify its energy quanta by their direction of motion s = ±1,
their polarisation λ = H,V and their frequency ω = ck which
can be both positive and negative. Using this notation, the
wave number of photons is now given by sk.
citations neither possess a well-defined particle position
operator [18, 19] nor is it straightforward to define mean-
ingful single-photon wavefunctions [20–24].
In the following we characterise highly-localised field
excitations by their position x, their direction of motion
s = ±1 and their polarisation λ = H,V. Notice that
the parameter space of the basic energy quanta of the
electromagnetic field needs to be of the same size as the
parameter space of the highly-localised field excitations.
However, this only applies if we quantise both the neg-
ative and the positive frequency solutions of Maxwell’s
equations. As illustrated in Fig. 1, we assume in the
following that the dynamical Hamiltonian of the electro-
magnetic field has negative as well as positive eigenvalues
which we denote ~ω. As we shall see, for every photon
state with a negative frequency ω there is a photon state
with a positive frequency ω with exactly the same field
expectation values, which is why there is usually no need
to consider negative ω’s.
Optical elements, like beamsplitters and other semi-
transparent mirrors, redirect all incoming photons. This
means they alter the dynamics of states. Their presence
should therefore be taken into account by altering system
Hamiltonians [17]. Indeed, the highly-localised field an-
nihilation operators which we derive in this paper enable
us to obtain locally-acting, time-independent, energy-
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2conserving Hamiltonians for semi-transparent two-sided
mirrors. We also show that these Hamiltonians repro-
duce the well-known dynamics of incoming wave packets
without affecting outgoing wave packets. For example,
they can result in a complete conversion of incoming into
outgoing wave packets. Other authors [15, 22, 25] al-
ready introduced energy quanta of the electromagnetic
field with negative frequencies but these are often only
seen as a mathematical tool. However, a recent experi-
ment by Rubino et al. [26], which scatters wave packets
by a rapidly moving potential and measures the wave-
length of the reflected light, already confirms that some
physical effects can only be modelled if both positive and
negative frequencies are taken into account.
Highly-localised field excitations. Like photons,
the highly-localised field excitations of the electromag-
netic field are characterised by their direction of mo-
tion, s, and their polarisation, λ. For simplicity, we
only consider light travelling along the x-axis and asλ(x)
denotes the annihilation operator of a highly-localised
field excitation at position x. Moreover, λ = H,V and
s = ±1 refers to horizontally and to vertically polarised
light and denotes excitations propagating in the posi-
tive and in the negative x-direction, respectively. As in
classical electrodynamics, we demand that wave pack-
ets, as well as all their expectation values, travel with
the speed of light, c, in their respective medium. Hence
〈ψ(t)|asλ(x)|ψ(t)〉 = 〈ψ(0)|asλ(x− sct)|ψ(0)〉 for any ini-
tial state |ψ(0)〉 which implies that
U†dyn(t, 0) asλ(x)Udyn(t, 0) = asλ(x− sct) , (1)
where Udyn(t, 0) is the time evolution operator associated
with the system Hamiltonian Hdyn of the electromagnetic
field in free space.
Next we have a closer look at electric and magnetic
field observables and demand consistency with Maxwell’s
equations. In a medium with permittivity ε and perme-
ability µ and in the absence of any charges and currents,
Maxwell’s equations for the electric field E(r, t) and the
magnetic field B(r, t) at positions r and at times t are
given by [16]
∇ ·E(r, t) = 0 , ∇×E(r, t) = −B˙(r, t) ,
∇ ·B(r, t) = 0 , ∇×B(r, t) = εµ E˙(r, t) . (2)
The expectation values 〈E(x)〉 and 〈B(x)〉 of the quan-
tised electromagnetic field should solve these differen-
tial equations at all times. Proceeding as described in
App. A, one can show that this is indeed the case when
E(x) =
∑
s=±1
√
~c
εA
[
ξsH(x) yˆ + ξsV(x) zˆ
]
,
B(x) =
∑
s=±1
s
c
√
~c
εA
[
− ξsV(x) yˆ + ξsH(x) zˆ
]
(3)
with ξsλ(x) ≡ [asλ(x) + a†sλ(x)]/
√
2 as long as Eq. (1)
holds. Here yˆ and zˆ are unit vectors along the positive y
and the positive z axis and A denotes the area around the
x-axis which the electromagnetic field occupies. The nor-
malisation factors in the above equation have been chosen
for convenience. Notice also that 〈E(x)〉 and 〈B(x)〉 are
always real, since ξsλ(x) is Hermitian.
Moreover, the observable Heng for the energy of the
electromagnetic field in free space is always positive.
From classical electrodynamics, we know that
Heng =
∫ ∞
−∞
dx
A
2
[
E(x)2 +
1
µ
B(x)2
]
. (4)
Proceeding as described in App. B, one can show that
this observable equals the positive Hermitian operator
Heng =
∑
s=±1
∑
λ=H,V
∫ ∞
−∞
dx ~c ξ†sλ(x)ξsλ(x) . (5)
Hence ξ†sλ(x)ξsλ(x) is the observable for the energy den-
sity at position x. Eq. (5) respects the translational sym-
metry of the electromagnetic field, since all its degrees
of freedom contribute equally to Heng. However, notice
that the energy of wave packets with a spread in momen-
tum is not well defined. Highly-localised field excitations
cannot be associated with particles, and their commu-
tator relations are not restricted to being either bosonic
or fermionic. In other words, we do not yet know the
properties of the asλ(x) operators.
To overcome this problem, we notice that it is impos-
sible to distinguish the electric field amplitudes of a wave
packet travelling in the positive x-direction forwards in
time from the electric field amplitudes of a wave packet
of the same shape travelling in the negative x-direction
backwards in time. This implies that the local electric
field observables E(x) need to be invariant under coordi-
nate transformations which replace the variables (s, t) by
(−s,−t). In the following, we refer to this transformation
as a PT transformation. From quantum field theory we
know that the quantised electromagnetic field is invariant
under PT transformations, since light carries no internal
quantum numbers [27]. To take this into account, we
assume that different wave packets may experience time
flowing in opposite directions [28, 29]. While some wave
packets evolve according to the usual Schro¨dinger equa-
tion, other wave packets evolve as if time runs backwards.
The time derivatives of their state vectors |ψ〉 are given
by |ψ˙〉 = ∓(i/~)H |ψ〉, respectively, where H denotes the
Hamiltonian of the system. Unfortunately, working with
two different Schro¨dinger equations is inconvenient. To
avoid unnecessary complications, we therefore assume
that all states evolve with the usual Schro¨dinger equa-
tion |ψ˙〉 = −(i/~)Hdyn |ψ〉, while allowing for the system
Hamiltonian Hdyn to have positive as well as negative
eigenvalues. This Hamiltonian no longer coincides with
the energy observable Heng.
Light energy quanta. In order to identify the highly-
localised field annihilation operators asλ(x) and the sys-
tem Hamiltonian Hdyn, we moreover introduce bosonic
3annihilation operators asλ(k) with [asλ(k), a
†
s′λ′(k
′)] =
δs,s′ δλ,λ′ δ(k− k′), where k denotes a real parameter. In
the following, we require that the annihilation operators
asλ(x) and asλ(k) both act on the same Hilbert space and
that their parameter spaces which are given by (s, λ, x)
and by (s, λ, k), respectively, are of the same size. This
applies if we allow the parameter k to assume both pos-
itive and negative values. Consistency with Eq. (1) is
achieved, if we assume that the system Hamiltonian Hdyn
of the electromagnetic field is given by
Hdyn =
∑
s=±1
∑
λ=H,V
∫ ∞
−∞
dk ~ck a†sλ(k)asλ(k) , (6)
whilst the annihilation operators asλ(x) equal [30]
asλ(x) =
∫ ∞
−∞
dk
√
|k|
2pi
ei sgn(k)φ eiskx asλ(k) . (7)
Here sgn(k) denotes the sign of k and φ ∈ [0, 2pi) is a
fixed parameter which can be chosen freely without re-
strictions. Because of the presence of both positive and
negative k values, the above equations imply that
[ξsλ(x), ξ
†
s′λ′(x
′)] = 0 . (8)
This commutator ensures that local electric and magnetic
field amplitudes commute, as they should, since they can
be measured simultaneously.
Combining Eqs. (5) and (7) as described in App. B we
find that the energy observable Heng equals
Heng =
∑
s=±1
∑
λ=H,V
∫ ∞
−∞
dk
~c|k|
2
[
a†sλ(k)asλ(k)
+asλ(k)asλ(−k) + H.c.
]
(9)
in momentum space. Because of the presence of sgn(k) in
Eq. (7), this equation does not depend on φ. When con-
sidering only positive k values and setting φ = pi/2, the
above equations produce the usual textbook expressions
for E(x) and B(x) and Heng = Hdyn [31]. In this case the
asλ(k) operators correspond to particles of well-defined
energy, i.e. they correspond to photons with positive fre-
quencies ω = ck. However, in this paper we characterise
the energy quanta of the electromagnetic field by both
positive and negative frequencies ω. The sign of k indi-
cates whether an energy quantum corresponds to a posi-
tive or to a negative eigenvalue of the system Hamiltonian
Hdyn. As illustrated in Fig. 1, we effectively double the
Hilbert space of the electromagnetic field compared to its
usual description [17].
Suppose φ = pi/2, αsλ(k) is a complex number and
|αsλ(k)〉 with asλ(k) |αsλ(k)〉 = αsλ(k) |αsλ(k)〉 repre-
sents a coherent state. Combining Eqs. (3) and (7), one
can then show that the field expectation values 〈E(x)〉
and 〈B(x)〉 of |αsλ(k)〉 and |αsλ(−k)〉 are the same at
all times when αsλ(−k) = αsλ(k)∗. Both coherent states
describe light travelling in the same direction and it is
impossible to distinguish them. When both states are
present, their electric and magnetic field amplitudes in-
terfere constructively and the energy Heng is therefore
four times the energy of the single-mode coherent state
|αsλ(k)〉 (c.f. Eq. (9)). Analogously, one can show that
pair coherent states of the form |αsλ(k)〉|αsλ(−k)〉 with
αsλ(−k) = −αsλ(k)∗ have the same properties as the vac-
uum state |0〉 which is the zero eigenstate of all asλ(k).
The energy expectation value 〈Heng〉 of pair coherent
states of the form |αsλ(k)〉⊗ |−αsλ(k)∗〉 which comprise
positive and negative k’s equals zero.
Highly-reflecting mirrors. As we have seen above,
in free space, there is no need to distinguish between
photons with positive and photons with negative fre-
quencies to obtain a complete description of the quan-
tised electromagnetic field [21]. However, the same no
longer applies when modelling highly-reflecting mirrors
[16]. Moreover, the presence of a mirror should not af-
fect our notion of the basic energy quanta of the electro-
magnetic field; it only changes how wave packets evolve
in time. Hence we include the effect of the mirror in
the following in the system Hamiltonian [17]. More con-
cretely, we are looking for a Hermitian Hamiltonian of
the form Hmirr = Hdyn +Hint which
1. preserves the energy of any incoming light;
2. preserves the orbital angular momentum J which
is given by J =
∫∞
−∞ dx (∂tE(x))×E(x) [32];
3. acts locally and only affects wave packets in contact
with the mirror surface;
4. reproduces the well-known scattering dynamics of
light in the presence of two-sided semi-transparent
mirrors and reverses the momentum of all incoming
wave packets without affecting light that is moving
away from the mirror surface.
To identify such a mirror Hamiltonian, we introduce dual
operators adualsλ (x) of the highly-localised annihilation op-
erators asλ(x) such that [23][
asλ(x), a
dual †
s′λ′ (x
′)
]
= δs,s′ δλ,λ′ δ(x− x′) . (10)
In addition, we define annihilation operators as±(x) for
circular polarised light. As we shall see, an interaction
Hamiltonian, Hint, which obeys all of the above condi-
tions is given by
Hint =
∑
s=±1
∑
λ=±
∫ ∞
−∞
dx
∫ ∞
−∞
dx′ ~Ωx,x′ asλ(x)adual †−sλ (x
′)
+H.c. (11)
If the mirror is placed in the x = 0 plane, the coupling
constants Ωx,x′ only differ from zero for x and x
′ close to
the origin of the x-axis.
A closer look at Eq. (11), reveals that a field excitation
at a position x which moves away from the mirror never
experiences the above Hamiltonian and evolves exactly
4as it would in free space. In contrast to this, an in-
coming highly-localised wave packet at a position x sees
the mirror travelling towards it with the speed of light
(c.f. App. C). Moving into the interaction picture with
respect to H0 = Hdyn and proceeding as described in
App. D, one can show that the above mirror interaction
results, without any approximations, in the scattering
transformation
SI = exp
[
−i
∑
s=±1
∑
λ=±
∫ ∞
−∞
dkΩk asλ(k) a
†
−sλ(k)
]
(12)
with the coupling constant Ωk given by
Ωk =
∫ ∞
−∞
dx
∫ ∞
−∞
dx′
2
c
Re
(
Ωx,x′ e
ik(x+x′)
)
. (13)
This operator couples positive to positive and negative
to negative frequencies and preserves energy. It also pre-
serves the orbital angular momentum, J, since it only
couples circular-plus to circular-plus and circular-minus
to circular-minus polarised light.
To analyse the effect of the above mirror interaction
on incoming wave packets we introduce an effective in-
teraction Hamiltonian HI(t) which is turned on at t = 0,
HI(t) =
∑
s=±1
∑
λ=±
∫ ∞
−∞
dk ~Ωk(t) asλ(k)a†−sλ(k) . (14)
One can easily check that this Hamiltonian is consistent
with Eq. (12) and yields the same overall dynamics, if∫∞
0
dtΩk(t) ≡ Ωk. Proceeding as described in App. E,
one can show that HI(t) results in a complete conver-
sion of incoming into outgoing wave packets, as long as
the mirror interaction constants, Ωk—i.e. the interaction
constants Ωx,x′ in Eq. (13)—are sufficiently large. Oth-
erwise only some of the incoming light is reflected [33].
Moreover, being an exchange Hamiltonian, HI(t) trans-
fers coherent into coherent states. More concretely, a
wave packet in a superposition of coherent states |αsλ(k)〉
evolves eventually into a superposition of coherent states
|α−sλ(k)〉 with α−sλ(k) = −iαsλ(k). This means, elec-
tric field amplitudes accumulate a factor of −i and expe-
rience a unitary beamsplitter scattering transformation
upon the mirror reflection given in Eq. (11).
Experimental tests. The mirror interaction Hamil-
tonian in Eq. (11) might not be the only Hamiltonian
which reproduces the dynamics of wave packets in the
presence of semi-transparent mirrors. It is hence impor-
tant to verify its validity and the existence of negative-
frequency photons experimentally. Recently, such an ex-
periment was performed by Rubino et al. [26]. The au-
thors of this paper scattered light by a rapidly moving
potential, i.e. a refractive index perturbation, inside a
bulk medium and inside a photonic-crystal fibre, while
preserving momentum. The incoming light needed to be
created by a pump pulse with a sufficiently steep shock
front to guarantee that it contained both positive and
negative frequency components [34]. When measuring
the spectrum of the reflected light, different resonance
peaks were found which could be associated with different
signs of the frequency of the incoming light. The authors
termed the observed effect negative-frequency resonant
radiation and concluded that light oscillates both with
positive and with negative frequencies.
Conclusions. In this paper, we describe the electro-
magnetic field in terms of commuting highly-localised op-
erators ξsλ(x) (c.f. Eq. (8)). Imposing PT -symmetry, we
observe that the field Hamiltonian Hdyn has both positive
and negative eigenvalues, and no longer coincides with its
positive-definite energy observable Heng. In addition, we
find that the ξsλ(x) are superpositions of bosonic annihi-
lation and creation operators which correspond to posi-
tive and to negative frequency quanta of the electromag-
netic field (c.f. Fig. 1). Quantising both the positive and
the negative frequency solutions of Maxwell’s equations
enables us to obtain a mirror Hamiltonian Hmirr which
reproduces the well-known dynamics of wave packets in
the presence of two-sided semi-transparent mirrors. Our
highly-localised field operators are of fundamental inter-
est; for example, they naturally lend themselves to the
modelling of the electromagnetic field in inhomogeneous
media. In addition, we expect that our locally-acting
mirror Hamiltonians find a wide range of applications in
quantum technology [4, 5].
Acknowledgement. JS and AB acknowledge financial sup-
port from the Oxford Quantum Technology Hub NQIT
(grant number EP/M013243/1). We thank B. Granet,
D. Hodgson, A. Kuhn, J. K. Pachos and N. Furtak-Wells
for many stimulating and inspiring discussions. State-
ment of compliance with EPSRC policy framework on
research data: This publication is theoretical work that
does not require supporting research data.
[1] M. Planck, Ann. Phys. 4, 553 (1901).
[2] Y. L. Lim and A. Beige, Phys. Rev. A 71, 062311 (2005).
[3] S. Scheel and S. Buhmann, Acta Phys. Slov. 58, 675
(2008).
[4] P. Kok, W. J. Munro, K. Nemoto, T. C. Ralph, J. P.
Dowling and G. J. Milburn, Rev. Mod. Phys. 79, 135
(2007).
[5] E. Kyoseva, A. Beige, L. C. Kwek, New J. Phys. 14
023023 (2012).
[6] C. K. Carniglia and L. Mandel, Phys. Rev. D 3, 280
(1971).
[7] G. S. Agarwal, Phys. Rev. A 11, 230 (1975).
[8] M. J. Collett and C. W. Gardiner, Phys. Rev. A 30, 1386
(1984).
5[9] C. W. Gardiner and M. J. Collett, Phys. Rev. A 31, 3761
(1985).
[10] L. Kno¨ll, W. Vogel, and D.-G. Welsch, Phys. Rev. A 36,
3803 (1987).
[11] D. Meschede, W. Jhe, and E. A. Hinds, Phys. Rev. A 41,
1587 (1990).
[12] R. J. Glauber and M. Lewenstein, Phys. Rev. A 43, 467
(1991).
[13] B. Huttner and S. M. Barnett, Phys. Rev. A 46, 4306
(1992).
[14] B. J. Dalton, S. M. Barnett, and P. L. Knight, J. Mod.
Opt. 46,1315 (1999).
[15] C. Creatore and L. C. Andreani, Phys. Rev. A 78, 063825
(2008).
[16] N. Furtak-Wells, L. A. Clark, R. Purdy and A. Beige,
Phys. Rev. A 97, 043827 (2018).
[17] T. M. Barlow, R. Bennett, and A. Beige, J. Mod. Opt.
62, S11 (2015).
[18] T. D. Newton and E. P. Wigner, Rev. Mod. Phys. 21,
400 (1949).
[19] A. S. Wightmann, Rev. Mod. Phys. 34, 845 (1962).
[20] J. E. Sipe, Phys. Rev. A 52, 1875 (1995).
[21] I. Bialinycki-Birula, Acta Phys. Pol. A 86, 97 (1994).
[22] K. W. Chan, C. K. Law, and J. H. Eberly, Phys. Rev.
Lett. 88, 100402 (2002).
[23] B. J. Smith and M. G. Raymer, New J. Phys. 9, 414
(2007).
[24] V. Debierre, The photon wave function in principle and
in practice, PhD thesis in Optics, Ecole Centrale Mar-
seille (2015).
[25] H. Bostelmann and D. Cadamuro, Phys. Rev. D 93,
065001 (2016).
[26] E. Rubino, J. McLenaghan, S. C. Kehr, F. Belgiorno,
D. Townsend, S. Rohr, C. E. Kuklewicz, U. Leonhardt,
F. Ko¨nig, and D. Faccio, Phys. Rev. Lett. 108, 253901
(2012).
[27] S. Weinberg, The Quantum Theory of Fields, Volume 1,
Cambridge University Press (Cambridge, 1995).
[28] J. A. Vaccaro, Found. Phys. 41, 1569 (2011).
[29] J. A. Vaccaro, Proc. R. Soc. A 472, 20150670 (2016).
[30] The asλ(x) operators have many similarities with the b
operators in U. M. Titulaer and R. J. Glauber, Phys.
Rev. 145, 1041 (1966).
[31] R. Bennett, T. M. Barlow, and A. Beige, Eur. J. Phys.
37, 014001 (2016).
[32] S. J. van Enk and G. Nienhuis, EPL 25, 497 (1994).
[33] J. Southall, R. Purdy and A. Beige, in preparation
(2019).
[34] E. Rubino, F. Belgiorno, S. L. Cacciatori, M. Clerici, V.
Gorini, G. Ortenzi, L. Rizzi, V. G. Sala, M. Kolesik and
D. Faccio, New J. Phys. 13, 085005 (2011).
Appendix A: Consistency with Maxwell’s equations
The usual chain rule of differentiation can be used to show that the time derivative of asλ(x− sct) equals
d
dt
asλ(x− sct) = −sc d
dx
asλ(x− sct) . (A1)
Combining this rule with Eqs. (1) and (3) yields
E˙(x, t) = −
∑
s=±1
sc
√
~c
2εA
d
dx
[
asH(x− sct) yˆ + asV(x− sct) zˆ
]
+ H.c. ,
B˙(x, t) = −
∑
s=±1
√
~c
2εA
d
dx
[
− asV(x− sct) yˆ + asH(x− sct) zˆ
]
+ H.c. (A2)
Moreover, we see from Eq. (3) that
∇×E(x, t) =
∑
s=±1
√
~c
2εA
d
dx
[
− asV(x− sct) yˆ + asH(x− sct) zˆ
]
+ H.c. ,
∇×B(x, t) = −
∑
s=±1
s
c
√
~c
2εA
d
dx
[
asH(x− sct) yˆ + asV(x− sct) zˆ
]
+ H.c. (A3)
Comparing these equations with Eq. (2) confirms that the expectation values of electric and magnetic field observables
evolve indeed as predicted by Maxwell’s equations.
Appendix B: The energy of the electromagnetic field
Substituting E(x) and B(x) in Eq. (3) into Eq. (4), one can show that the energy observable of the electromagnetic
field equals
Heng =
∑
s,s′=±1
∑
λ=H,V
∫ ∞
−∞
dx
~c
4
(1 + ss′)
[
asλ(x) + H.c.
][
as′λ(x) + H.c.
]
(B1)
6Only terms with s′ = s contribute to the above expression which hence simplifies to
Heng =
∑
s=±1
∑
λ=H,V
∫ ∞
−∞
dx
~c
2
[
asλ(x) + H.c.
]2
. (B2)
This equation coincides with Eq. (5) in the main text. Its form clearly shows that the expectation values of the energy
observable are always positive, as one would expect.
Next we use Eq. (7) to replace the asλ(x) in Eq. (B2) with the photon annihilation operators asλ(k). Doing so, we
find that
Heng =
∑
s=±1
∑
λ=H,V
∫ ∞
−∞
dx
∫ ∞
−∞
dk
∫ ∞
−∞
dk′
~c
4pi
√
|kk′|
[
e−i(sgn(k)−sgn(k
′))φ e−is(k−k
′)x a†sλ(k)asλ(k
′)
+ei(sgn(k)+sgn(k
′))φ eis(k+k
′)x asλ(k)asλ(k
′) + H.c.
]
. (B3)
Performing the x integration yields δ-functions in momentum space and the energy observable Heng of the electro-
magnetic field eventually simplifies to Heng in Eq. (9). The last two terms in this equation vanish, if photon states
with only positive or only negative frequencies ω = ck are populated. Otherwise, they ensure, for example, that
certain pair coherent states which contain photons with positive as well as photons with negative frequencies ω have
the same energy as the vacuum state due to destructive interference of the corresponding electric and magnetic field
amplitudes.
We now address the necessity of the sgn(k) in Eq. (7). Suppose we define our local operators by
asλ(x) =
∫ ∞
−∞
dk
√
|k|
2pi
eiφ eiskx asλ(k) , (B4)
i.e. without the use of sgn(k). Following through with the same steps as before leads to
Heng =
∑
s=±1
∑
λ=H,V
∫ ∞
−∞
dk
~c|k|
2
[
a†sλ(k)asλ(k) + e
2iφasλ(k)asλ(−k) + H.c.
]
. (B5)
Here we see that dHeng/dφ 6= 0 which is problematic as φ is a free parameter that we can vary in our observables. For
example, say we fix φ and choose a state |αsλ(k)〉|βsλ(−k)〉 that gives zero expectation value w.r.t. Eq. (B5). From
here we may simply change φ, whilst keeping the state exactly the same, so that the state now has non-zero energy.
In other words, changing the overall phase factor of the local operators would have a physical consequence on the
system.
Appendix C: Incoming versus outgoing wave packets
Before we analyse the effect of the mirror surface on incoming and outgoing wave packets, let us have a closer look
at the dual annihilation operators adualsλ (x) of highly-localised field excitations. A closer look at Eq. (7) shows that, if
we define
adualsλ (x) =
∫ ∞
−∞
dk
1√
2pi|k| e
i sgn(k)φ eiskx asλ(k) , (C1)
then asλ(x) and a
dual †
s′λ′ (x
′) automatically commute with each other as requested in the main text. Like the asλ(x),
the dual operators adualsλ (x) are superpositions of photon annihilation operators asλ(k) with positive and negative k
values. Evolving them with the system Hamiltonian Hdyn in Eq. (6), we therefore find that
U†dyn(t, 0) a
dual
sλ (x)Udyn(t, 0) = a
dual
sλ (x− sct) , (C2)
as expected, since wave packets always travel with the speed of light. Hence, moving the mirror Hamiltonian Hmirr
with its interaction Hint given in Eq. (11) into the interaction picture with respect to the free Hamiltonian H0 = Hdyn,
yields the interaction Hamiltonian
HI(t) =
∑
s=±1
∑
λ=±
∫ ∞
−∞
dx
∫ ∞
−∞
dx′ ~Ωx,x′ asλ(x− sct)adual †−sλ (x′ + sct) + H.c. (C3)
7Transitioning into the interaction picture effectively removes any free-space evolution. Hence incoming and outgoing
wave packets become stationary, while the mirror potential travels in the interaction picture with the speed of light
in both directions, away from its initial location.
To show that this interaction Hamiltonian only affects incoming wave packets, while remaining invisible to outgoing
wave packets, we substitute x˜ = x− ct and x˜′ = x′ − ct which changes HI(t) into
HI(t) =
∑
λ=±
∫ ∞
−∞
dx˜
∫ ∞
−∞
dx˜′ ~Ωx˜+ct,x˜′+ct
[
a1λ(x˜)a
dual †
−1λ (x˜
′ + 2ct) + a−1λ(x˜+ 2ct)a
dual †
1λ (x˜
′)
]
+ H.c. (C4)
Suppose a highly-localised right-moving wave packet with s = 1 is initially (at t = 0) placed on the left-hand side
of the mirror surface at a position x0 < 0. This wave packet experiences the mirror surface after a time t with
x0 + ct = 0, thereby creating a highly-localised left-moving field excitation with s = −1 at a position x˜+ 2ct = −x0.
This is exactly what one would expect from the mirror-image method of classical electrodynamics. The main effect
of a highly-reflecting mirror is to replace an incoming wave packet by its mirror image which travels in the opposite
direction and seems to originate from the opposite site of the mirror surface.
In contrast to this, a highly-localised right-moving wave packet with s = 1 which is initially placed on the right-hand
side of the mirror surface at a position x0 > 0 never experiences the mirror interaction. The reason for this is that
x˜+ ct and x˜′ + ct are always positive in this case—they even increase in time. Hence the mirror interaction coupling
constant Ω(x˜+ ct, x˜′ + ct) which is zero almost everywhere remains zero at all times: the mirror interaction remains
switched off. Analogously, by substituting x˜ = x + ct and x˜′ = x′ + ct in Eq. (C3), one can show that incoming
highly-localised left-moving wave packets with s = −1 see the mirror interaction, while outgoing highly-localised
left-moving wave packets do not.
Appendix D: Scattering transformation
Substituting Eqs. (7) and (C1) into the interaction Hamiltonian in Eq. (C3) yields
HI(t) =
∑
s=±1
∑
λ=±
∫ ∞
−∞
dx
∫ ∞
−∞
dx′
∫ ∞
−∞
dk
∫ ∞
−∞
dk′
~Ωx,x′
2pi
√
|k|
|k′| e
is(kx+k′x′) e−i(k−k
′)ct asλ(k) a
†
−sλ(k
′) + H.c. (D1)
Unfortunately, analysing the dynamics generated by the above Hamiltonian is not straightforward. However, calcu-
lating its scattering operator
SI = exp
[
− i
~
∫ ∞
−∞
dtHI(t)
]
(D2)
is relatively straightforward, if we only consider incoming wave packets. Combining both equations and performing
the time integration, which can be done without knowing the coupling constant Ωx,x′ , yields
SI = exp
[
−i
∑
s=±1
∑
λ=±
∫ ∞
−∞
dx
∫ ∞
−∞
dx′
∫ ∞
−∞
dk
∫ ∞
−∞
dk′
Ωx,x′
c
√
|k|
|k′| e
is(kx+k′x′) δ(k − k′) asλ(k) a†−sλ(k′)−H.c.
]
(D3)
which contains a δ-function in momentum space. When subsequently performing the k′ integration, only terms with
k′ = k contribute and the above scattering operator SI simplifies to
SI = exp
[
−i
∑
s=±1
∑
λ=±
∫ ∞
−∞
dx
∫ ∞
−∞
dx′
∫ ∞
−∞
dk
Ωx,x′
c
eisk(x+x
′) asλ(k) a
†
−sλ(k)−H.c.
]
. (D4)
This equation has been derived without applying any approximations and coincides with Eq. (12) in the main text.
One can easily check that the scattering operator SI couples positive-k to positive-k states and negative-k to negative-
k states. Moreover, it resonantly couples field excitations at x to field excitations at −x. Essentially, all other field
couplings do not contribute to the dynamics of incoming wave packets.
8Appendix E: The dynamics of incoming wave packets
To study the effect of the interaction Hamiltonian HI(t) in Eq. (14) over the infinitely long time interval (0,∞), we
now have a look at a concrete mirror interaction constant Ωk(t). More concretely, we assume in the following that
Ωk(t) =
 0 for t < 0 ,ξ sech(ξt) for 0 ≤ t ≤ t0 ,0 for t > t0 , (E1)
where ξ denotes a real frequency. In order to obey the condition in Eq. (13), this coupling constant needs to be chosen
such that ∫ t0
0
dt ξ sech(ξt) =
∫ ξt0
0
dx sech(x) = Ωk . (E2)
The above choice of interaction results in the effective Hamiltonian
HI(t) =
∑
s=±1
∑
λ=±
∫ ∞
−∞
dk ~ξ sech(ξt) asλ(k)a†−sλ(k) + H.c. (E3)
for t ∈ (0, t0). To analyse the dynamics of incoming wave packets, one can now use Ehrenfest’s theorem which implies
〈a˙sλ(k0)〉 = − i~ 〈[asλ(k0), HI(t)]〉 (E4)
and subsequently leads to the rate equations
〈a˙1λ(k0)〉 = −iξ sech(ξt) 〈a−1λ(k0)〉 ,
〈a˙−1λ(k0)〉 = −iξ sech(ξt) 〈a1λ(k0)〉 . (E5)
Without approximations, one can therefore show that, at the end of the scattering process, i.e. for times t ≥ t0, the
expectation values of the annihilation operators asλ(k0) and a−sλ(k0) are given by( 〈a1λ(k0)〉
〈a−1λ(k0)〉
)
=
(
sech(ξt0) −i tanh(ξt0)
−i tanh(ξt0) sech(ξt0)
)(
α1λ(k0)
α−1λ(k0)
)
(E6)
for initial states with 〈asλ(k0)〉 = αsλ(k0) at t = 0. For sufficiently large values of ξt0, i.e. for sufficiently large values
of the coupling constant Ωk, the scattering operation SI results in a complete transfer of excitation from a (1, k0)
mode into a (−1, k0) mode and vice versa. This applies when the mirror coupling constants Ωx are sufficiently large.
In this case, the Fourier-transformed mirror coupling constants Ωk become large enough to ensure that ξt0  1
which implies tanh(ξt0) = 1 and sech(ξt0) = 0. However, it is important to keep in mind that the above dynamics
only applies to incoming wave packets. Outgoing wave packets never see the mirror surface.
